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The Boundary Value Problem
Let T be a time scale with 0, σ2(1) ∈ T. We consider the
right focal dynamic boundary value problem
x∆∆ + f (x(σ(t))), t ∈ (0, 1) ∩ T, (1)
on the time scale T with boundary conditions
x(0) = x∆(σ(1)) = 0, (2)













Let E be a real Banach space. A nonempty closed convex
set P ⊂ E is called a cone provided:
(i) x ∈ P, λ ≥ 0 implies λx ∈ P;













A map α is said to be a nonnegative continuous concave
functional on a cone P of a real Banach space E if
α : P → [0,∞) is continuous and
α(tx + (1− t)y) ≥ tα(x) + (1− t)α(y)
for all x , y ∈ P and t ∈ [0, 1].
Definition
A map β is a nonnegative continuous convex functional
functional on a cone P of a real Banach space E if
β : P → [0,∞) is continuous and
β(tx + (1− t)y) ≤ tβ(x) + (1− t)β(y)
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Let α and ψ be nonnegative continuous concave functionals
on P and let δ and β be nonnegative continuous convex
functionals on P.
We definte the sets
A = A(α, β, a, d) = {x ∈ P : a ≤ α(x) and β(x) ≤ d},
B = B(δ, b) = {x ∈ A : δ(x) ≤ b}, and
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The Fixed Point Theorem
Theorem (Anderson, Avery, Henderson)
Suppose P is a cone in a real Banach space E, α and ψ are
nonnegative continuous concave functionals on P, δ and β are
nonnegative continouous convex functionals on P, and for
nonnegative real numbers a, b, c, and d, the sets A, B, and C are
defined as above. Futhermore, suppose A is a bounded subset of
P, T : A→ P is a completely continuous operator, and that the
following conditions hold:
(A1) {x ∈ A : c < ψ(x) and δ(x) < b} 6= ∅,
{x ∈ P : α(x) < a and d < βx} = ∅;
(A2) α(Tx) ≥ a for all x ∈ B;
(A3) α(Tx) ≥ a for all x ∈ A with δ(Tx) > b;
(A4) β(Tx) ≤ d for all x ∈ C ; and
(A5) β(Tx) ≤ d for all x ∈ A with ψ(Tx) < C .
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G (t, s)f (x(σ(s))∆s, t ∈ [0, σ2(1)],
where G (t, s) defined on [0, σ2(1)]× [0, σ(1)] by
G (t, s) =

t, 0 ≤ t ≤ s ≤ σ(1),
σ(s), σ2(1) ≥ t ≥ σ(s) ≥ 0,
is the Green’s function for the operator L defined by
(Lx)(t) := −x∆∆ with x(0) = x∆(σ(1)) = 0.
It is well known that any fixed point of T is a solution of the
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For any y ,w ∈ [0, σ2(1)] with y ≤ w ,





G (w , s)∆s ≤ w
∫ σ(1)
0











Banach Space and Cone
Let E = Crd [0, σ
2(1)] be the Banach Space composed of
right-dense continuous functions from [0, σ2(1)] into R with
the norm
||x || = max
t∈[0,σ2(1)]
|x(t)|.
Define the cone P ⊂ E by
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For fixed τ, µ, ν ∈ [0, σ2(1)], define the nonnegative concave

























For fixed τ, µ, ν ∈ [0, σ2(1)], define the nonnegative concave

























Theorem (Lyons and Neugebauer)
Let τ, µ, ν ∈ (0, σ2(1)] with 0 < τ ≤ µ < ν ≤ σ2(1). Let d
and m be positive reals with 0 < m ≤ dµ
σ2(1)
and suppose
f : [0,∞)→ [0,∞) is continuous and satisfies the following:




≤ w ≤ νd
σ2(1)
;
(ii) f (w) is decreasing for 0 ≤ w ≤ m and f (m) ≥ f (w) for








∆s ≤ d − f (m)σ2(1)(σ(1)− µ)
Then (1),(2) has at least one positive solution
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(A1): {x ∈ A : c < ψ(x) and δ(x) < b} 6= ∅,
{x ∈ P : α(x) < a and d < βx} = ∅









0 G (ν, s)∆s
.
Define xK (t) = K
∫ σ(1)
0 G (t, s)∆s.
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0 G (τ, s)∆s
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≥ τd
∫ σ(1)
0 G (µ, s)∆s
σ2(1)
∫ σ(1)
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(A1): {x ∈ A : c < ψ(x) and δ(x) < b} 6= ∅
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(A1): {x ∈ P : α(x) < a and d < β(x)} = ∅
Let x ∈ P with β(x) > d .
Since for all y ≤ w , wx(y) ≥ yx(w),
σ2(1)x(τ) ≥ τx(σ2(1)).
Thus,
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(A2): α(Tx) ≥ a for all x ∈ B
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(A3): α(Tx) ≥ a for all x ∈ A with δ(Tx) > b
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(A4): β(Tx) ≤ d for all x ∈ C
















































(A4): β(Tx) ≤ d for all x ∈ C
















































(A5): β(Tx) ≤ d for all x ∈ A with ψ(Tx) < C




















Thus T has a fixed point x∗ ∈ A, and therefore x∗ is a
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= 0, t ∈ (0, 1) ∩ T












Choose τ = 130 , µ =
1
2 , ν = 1, m =
1
4 , and d =
3
5 .
Note that 0 < τ ≤ µ < ν ≤ σ2(1) = 1 and










Also, f (w) = 1w+1 is continuous from the nonnegative reals
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(i) for 150 ≤ w ≤ 35 , f (w) ≥ f ( 35 ) = 58 > 1829 = d(ν−τ)σ2(1) ,
(ii) since f ′(w) < 0 for w ≥ 0, f (w) is decreasing for



















4 s + 1
∆s ≈ 0.115471 < 0.2 = 35 − 25 =
3
5 − f ( 14 )(1) 12 = d − f (m)σ2(1)(σ(1)− µ).
Therefore, the boundary value problem has at least one
positive solution, x∗, in A(α, β, 150 ,
3
5 ). That is, x
∗( 130 ) ≥ 150
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Choose τ = 11024 , µ = 2, ν = 4, m =
1
5 , and d =
5
2 .
Note that 0 < τ ≤ µ < ν ≤ σ2(1) = 4 and









Also, f (w) = cos
2(0.2w)√
w1/10+1
is continuous from the nonnegative
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f (w) ≥ f ( 52 ) ≈ 0.531967 > 128819 = d(ν−τ)σ2(1) .
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· 4(2− 2) =
d − f (m)σ2(1)(σ(1)− µ).
Therefore, the boundary value problem has at least one
positive solution, x∗, in A(α, β, 58192 ,
5
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· 4(2− 2) =
d − f (m)σ2(1)(σ(1)− µ).
Therefore, the boundary value problem has at least one
positive solution, x∗, in A(α, β, 58192 ,
5
2 ). That is,
x∗( 11024 ) ≥ 58192 and x∗(4) ≤ 52 .
